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Analytic Study of Biased Proportional Navigation

Pin-Jar Yuan and Jeng-Shing Chern
Chung Shan Institute of Science and Technology, Lungtan, Taiwan 32526, Republic of China

Proportional navigation has proved to be a useful guidance technique in several surface-to-air and air-to-air
missile systems for interception of airborne targets. An analytic study of the biased proportional navigation with
varying closing speed and maneuvering target is presented in this article. A specific target maneuver is considered
that is proportional to the closing rate for effective escape during intercept period. The closed-form solutions are
completely derived, and some important characteristics related to the system performance are discussed. The
effects of the bias factor and target escape factor on the capture criterion and cumulative velocity increment are
investigated in detail. In this scheme, the line-of-sight rate approaches a nonzero value, which is beyond the
dead-zone of the system. But intercept still can be achieved with a cost of additional energy, and the capture area
will be decreased due to the effect of bias.

Nomenclature
A
a
B
C
D
E
M
r
T
t
V
v

r<Ao0o
acceleration

= proportional constant of target maneuver

- C/60 = BD
zero effort miss
distance between interceptor and target
time to go
time
velocity
relative velocity between interceptor and target
angle between line of sight and inertial reference line
effective proportional navigation constant

Subscripts
B = bias value
/ = final value
M — missile, interceptor
min = minimum value
r = parallel to line of sight
T = target
6 = normal to line of sight

0 = initial value
1 = state at 0 - 6B

Superscript
( • ) = time derivative

I. Introduction

B IASED proportional navigation (biased PN) was discussed
early by Murtaugh and Criel,1 in which the commanded

acceleration is biased by a small value of the measured rota-
tional rate of the line of sight (LOS) between the interceptor
and its target. In normal proportional navigation, as the LOS
rate approaches zero, seeker tracking noise can cause the
measured LOS rate to vacillate between positive and negative
values. This requires the interceptor to accelerate positive as
well as negative, thereby having a severe effect on the control
system. To alleviate this effect, the proportional navigation
with a bias, in which the maneuver force is set to zero when the
absolute LOS rate has been reduced below a specific value,
can be employed. With this scheme, the LOS rate is reduced to
a nonzero value, but intercept still can be achieved with a cost
of additional energy. In this study, the closing speed between
the interceptor and its target is assumed to be unchanged and
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target maneuver is not considered. Also, the effect of bias on
capture area is not discussed. In Refs. 2 and 3, different biased
proportional navigation with a constant bias was considered
for a maneuvering target.

In this article, the biased proportional navigation developed
by Murtaugh will be studied further with varying closing speed
and maneuvering target for the case of exoatmospheric flight.
Here, a specific target maneuver is considered that is propor-
tional to the closing rate for effective escape during intercept
period. A bias factor and a target escape factor are defined,
the closed-form solution will be completely derived, and some
important characteristics related to the system performance
are presented. Also, the induced effects on capture area and
cumulative velocity increment will be investigated in detail.
The cumulative velocity increment required is related to the
propellant mass required in exoatmospheric intercept.

II. Solution for a Nonmaneuvering Target
Consider that a missile of speed VM is pursuing a nonma-

neuvering target with speed VT under the guidance law of
biased proportional navigation, as shown in Fig. 1. Here, the
commanded acceleration ac is given in the direction normal to
LOS and its magnitude is

ac = \vr(6 -OB)

= 0

if T- > 1

if (i)
where X is the effective proportional navigation constant, vr
is the rate of range to go between missile and target, 6 is the
angular rate of LOS, and 6B is the bias value that is chosen to
have the same sign of 0, as depicted in Fig. 2. The relative
velocity between missile and target can be written in a polar
coordinate as

= vrer + vded = rer + r6ee (2)

where r is the range to go between missile and target, and 6 is
the angle between LOS and inertial reference line. Then the
equations of motion are

rO + 2r6 = \r(0 - 0B) if

-0 if

— > 1

(3a)

(3b)

(3c)

Now let 00 be the initial condition of 6 and B = 0B/dQ be the
bias factor, which is a positive constant. First consider the case
of B < 1, the solutions of Eqs. (3a) and (3b) can be obtained
easily by using the results in Ref. 4:

• / r
X - :

o
(4a)

u

X- 1
^ (1 + 2B + X£2) (4b)

Fig. 1 Planar pursuit geometry.

Slope=AVr

Fig. 2 Biased proportional navigation: ac vs

Fig. 3 Different values of B: 6 vs r.

where r0 and r0 are the initial conditions of r and r, respectively.
Also we find that, from Eq. (4a), 6 approaches [X/(X - 2)]6B at
intercept. Figure 3 shows a typical variation between 6 and r
for biased proportional navigation, and the closing rate is
always monotoneously decreasing during intercept period.
The bias also affects the variation of closing rate, as depicted
in Fig. 4, and the final rate of range to go at intercept cafi be
derived as

1 + 2B + Xff2

^ 2 (X-1) (5)

where A = r0/r060, and the final commanded acceleration ap-
proaches [2X/(X - 2)]rf6B. For the purpose of effective inter-
cept, the following constraint must be satisfied:

A2>
1 + 2B + \B2

(6)

which can be considered as a criterion of capture capability
under the effect of bias. The cumulative velocity increment AF
required for the missile during intercept period is defined as

ac\ dt (7)
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Using the results in Eq. (4a), we have

.''I
= \r0e0\\

^ *A — 1

O
(1+5)

(8)

where

A^o = 7——~r0 \e0 \X — 1

AKd,=^—j-rolfl*!

Because 0# is chosen to have the same sign as 00, this AF
required for the case of biased PN is always greater than that
required for the case of normal PN with an additional incre-
ment A VQB . Now a zero effort miss M is defined as the miss
distance that would result if guidance were terminated at a
specified time during intercept period. It can be derived as a
function of r, vr, and ve (see Appendix A):

V(v 2 / v 2 )+ l

Let vro, V00, and M0 be the initial condition of vr, ve, and M,
respectively. When I V 0 0 I is much smaller than I v rol , then the
results obtained by Murtaugh and Criel1

vro

—
Vro

= T0veo°
. „ ,

X IM0I

(10a)

(10b)

(10c)

can be derived from Eqs. (8) and (9), where T0 is the initial
condition of time to go T.

Next we will consider the case of B>1. In this case, 0
diverges first to 6B with ac = 0, where the corresponding value
of r is r l9 and then diverges continuously to [X/(X - 2)]6B with
ac ^ 0 until intercept. That is, we have the following.

1) When r>r}: Because ac is zero, then the solutions from
Eqs. (3a) and (3c) are

(Ha)

2-
ro (lib)

Let fi be the value of r at the time when 0 reaches 0fl, then
we have

= 08= B^B

r\ = •

(i2a)

(12b)

(12c)

where B is positive and greater than 1 in this case and A =
AO/JO^O- After r reaches rlt it decreases continuously with ac ̂ 0
as follows.

2) When r < r{: The solutions here will be similar to those
depicted in Eqs. (4). With the initial condition 0 = 0 l f r = n
and r = r\, we have

(13a)

•—f-Y"1\-2\rJ J

=ABBp___LY^y-'i
L X - 2 X - 2 V W J

fi = ,ft\————1__
|_(x- i)(X-2; (X - 2)2 \r

+ ̂ WI+^X-l

= rQBoB

X2

/x 2}2 r
°

—-) + ''2 + r0
202 I 1-25

8
(X - 2)2

X + 1

£'<V

(13b)

We find that from Eqs. (4) and (13) 6 will approach [X/
(X - 2)]^, no matter if B is greater than 1 or not, as shown in
Fig. 3. The larger the bias is, the more the closing speed will be
reduced during intercept, as depicted in Fig. 4. The final rate
of range to go can be obtained as

Thus, the following constraint must be satisfied for effective
intercept of target:

X + 1

Therefore, a larger value of A2 is required for a larger bias,
and the cumulative velocity increment A V required for the
missile during intercept is

AK =

\-2\r ^-"*11>"xrT
We find that here the bias affects the cumulative velocity with
a factor B 1/2 when B > 1 .

III. Solution for a Maneuvering Target
For the case of a maneuvering target, we assume that the

target maneuver is also in the direction normal to the LOS,
same as the commanded acceleration, and its magnitude is

.2 .4 .6 .8

Fig. 4 Different values of /?: r vs r.
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Fig. 5 Biased PN with maneuvering target: 0 vs r.
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Fig. 6 Different values of B with maneuvering target: r vs r.

proportional to the closing rate for effective escape during
intercept period. A larger target maneuver is acquired for
larger closing rate and no target maneuver is required when
closing rate approaches zero. Then we have the equations of
relative motion between missile and target:

0
2r0 - Xr(0 - BB) - aT if T-

(I7a)

(17b)

(17c)

with aT = -Cr (C is a constant). In the case of B < 1, the
solutions of Eqs. (17) can be derived as (see Ref. 4):

/b x- i l ' -U

1 - x 2A - 2 J \r0

X(X-2)
1 - - +•

X - 2 J W (X-2) 2

J.

x - 1 r + x

where E= -C/00and£> = -C/0B (i.e., E=DB). Here, posi-
tive escape factor E is considered, which intends to diverge
the LOS rate between missile and target. We find that from
Eqs. (18) 0 approaches [(\ + D)/(\-2)]6B at intercept, with an
additional term [D/(\ - 2)]6B compared to the case of nonma-
neuvering target. Figure 5 shows the typical variation between
0 and r under the effects of both bias and target maneuver.
The typical variation between r and r is depicted in Fig. 6. The
final closing rate at intercept can be obtained as

and the final commanded acceleration approaches [X/(X - 2)]
(2rf6B + aT). Thus, the following constraint must be satisfied
for effective intercept of target with B < 1:

X -
+ -[(1 + \B +E)2- 1]

X
(20)

In this case, the zero effort miss M can be derived as (see
Appendix B)

M = rx

in which x is the solution of

E
^2

(21)

r202(l + E)

(22)

The cumulative velocity increment AV can be obtained as
follows:

AV = ^dr
Jror

\B + E
X - 2

d ( - ) =
vW - 1

X — 1
(23)

Next, the case of B > 1 is considered. In this case, 0 diverges
first with ac = 0 to approach 6B, where the corresponding
value of r is r\t and then diverges continuously to [(X + D)/
(X - 2)]0£ with ac ^ 0 until intercept.

1) When r>r\: Because ac is equal to zero in this area, its
solution can be obtained from Eqs. (17a) and (17c) as

(24a)

VO
(24b)

Let t'i be the value of r at the time when 0 reaches 6B, then
we have

r\ -

(25a)

(25b)

r\ = '
J^

"A2 E--(2
2 + £ 2 2 +

(25c)
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Fig. 7 Capture boundary of biased PN with maneuvering target.

After r reaches rb it decreases continuously with ac ^ 0 as
follows.

2) When r <r\: The solution here is the same as obtained in
Eqs. (18). With the initial condition r = r l5 0 = BI = 6B, and
r = r\, we have

A x~ 2 ^ + £>
rj + ~2

(26a)

(26b)

where // is the final range rate at intercept, which can be
obtained as

B2(2

X + - (1 + £) + (2 + £)(2B +

(27)

Thus, the capture criterion in this case is

B2(2
(X- \)(2B + E) I X

(28)

With a typical value of X, the capture criterion A2 as a func-
tion of the bias factor B and target escape factor E is shown in

AV

1 2 3 4 ^

Fig. 8 AF vs /? with maneuvering target.

Fig. 7. For a given value of £, the area above the curve is the
capture area and the area below the curve is the noncapture
area. It is obvious that the capture area becomes smaller for a
larger value of the target escape factor. In summary, we need
higher A2 when B or E is higher so that the intercept can be
guaranteed, as expected.

The cumulative velocity increment A F in this case can be
obtained as

= \rji\\
2 + D
X - 2

(1 - x - 2

X- 1
E)(2 (29)

We find that, if E is equal to 0, the results obtained for the
case of a maneuvering target will be the same as those ob-
tained for the case of a nonmaneuvering target.

The effect of bias with target maneuver on cumulative ve-
locity increment is depicted in Fig. 8. Again, the required
cumulative velocity increment is higher for a higher value of B
and E.

IV. Discussion
From this study, we found that the LOS rate will not ap-

proach zero in biased proportional navigation. It approaches
[X/(X - 2)]6B for a nonmaneuvering target, and approaches
[(X + D)/(\ - 2)]6B for a maneuvering target. The bias will
also decrease the capture capability and increase the cumula-
tive velocity required for intercept of target. The more the bias
is, the less the capture area is and the more the cumulative
velocity increment is required. When £<1, the cumulative
velocity increment is a linear combination of the function of B
(due to bias) and the function of E (due to target maneuver),
respectively, as shown in Eqs. (23). When B>1, then it will
become a nonlinear function of bias and target maneuver, as
shown in Eqs. (29).

V. Conclusions
An analytic study of the biased proportional navigation is

presented in this paper. Both maneuvering and nonmaneuver-
ing targets are considered. In this scheme, no matter what
value the bias is, the line-of-sight rate approaches a nonzero
value that is beyond the dead-zone of the system. Intercept can
be still achieved with a cost of additional energy, and the
capture area will be decreased due to the effect of bias.

Appendix A: Zero Effort Miss for a
Nonmaneuvering Target

For a nonmaneuvering target, the relative motion between
missile and target can be written as

r -r0 = 0

rff + 2r6 - 0

(Ala)

(Alb)



190 P.-J. YUAN AND J.-S. CHERN J. GUIDANCE

The solutions of Eqs. (Al) are

.£i_
r2 r (A2a)

. 2 = _ VO^ + ̂  = _ vM + . g + 2d? (A2b)

r2 r2

Then the zero effort miss M is equal to the minimum value of
r that occurred during the relative motion governed by Eqs.
(A2), at which r is equal to zero, i.e.,

/ (r$tf
A/7 — r • — I——-——— =M — 'mm — A/ . 2 2/)2\r0 + r0c/0

Thus, the zero effort miss for any instant during intercept
period can be described as

M = rA/^T^ (A3)

Appendix B: Zero Effort Miss for a
Maneuvering Target

For a maneuvering target, the relative motion between mis-
sile and target can be written as

f - rS2 = 0

rff + 2fB = -aT =

The solutions of Eqs. (Bl) are

(Bla)

(Bib)

(B2a)

+ rJ5 + /o2<?i;(l +E) (B2b)

in which E = - C/00- Then the zero effort miss can be
derived as

M = (B3)

where x satisfies

(B4)

Thus, the zero effort miss for any instant during intercept
period is

where x satisfies

M = rx (B5)

E2

—
4

(B6)
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